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Abstract 

New solutions of twist equations for universal enveloping algebras 
U (An-i) are found. They can be presented as products of full chains of ex- 
tended Jordanian twists J-^, Abelian factors ("rotations") JT^ and sets of 

quasi- Jordanian twists . The latter are the generalizations of Jordanian 
twists (with carrier b^) for special deformed extensions of the Hopf algebra 
U {b^)- The carrier subalgebra g-p for the composition Tv = J-^ T-^ is 
a nonminimal parabolic subalgebra in An-\, gv HN^^ = 0. The parabolic 
twisting elements T-p axe obtained in the explicit form. The details of 
the construction are illustrated by considering the examples n = 4 and 
n = 11. 

1 Introduction 

The parabolic subgroups play an essential role in group theory and applica- 
tions. Parabolic subgroups of a real simple Lie groups can be treated as the 
groups of motion of noncompact symmetric spaces with the special properties 
of geodesies 0. The quantized versions of such subgroups are important for 
the models of noncommutative space-time [3 0] ■ Quantizations of antisymmet- 
ric r-matrices, (solutions of classical Yang-Baxter equation) form an important 
class of deformations producing the quantized groups. The quantum duality 
principle 01 [5j provides the possibility to describe quantum groups with dual 
Lie algebras in terms of quantized universal enveloping algebras. Thus to con- 
struct a quantized parabolic subgroup of a simple Lie group it is sufficient to 
consider a parabolic subalgebra g-p in a simple Lie algebra g and to develope 
for the universal enveloping algebra U (g) a quantization where the parabolic 
properties are selfdual. The important class of such quantum deformations is 
known as twisting (6). 

If we supply the elements of Lie algebra g with primitive coproducts A'-^-' 
and consider U{g) as a Hopf algebra with the costructure generated by A^°) 
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then the invertible solution T G lJ[g)®'^ of the twist equations [S] 

(A(o) ® id) ^ = (^)23 (id ® A(«)) J^, 
(e®id)j^^ (id®e) J'= 1. ^ 

allows to transform U{cj) into the Hopf algebra l]jr{cj)^ 

T ■ U{g) — . U^g). (2) 

The twisted Hopf algebra Ujr{^g) has the same multiplication, unit and counit 
as U {g) but the twisted coproduct and antipode given by: 

A^(a) = ^AW(a)^-\ Sr{a) = vS{a)v-\ (3) 

The minimal subalgebra gc C g necessary for the definition of the twist is 
called the carrier of the twist jTj . 

To investigate the deformation quantization problems and in particular to 
apply the twisted parabolic groups to this study explicit solutions of twist equa- 
tions are necessary jSj . Only certain classes of twists T are known in the explicit 
form 1101 im 1121 IT^ . All such solutions are factorizable, i. e. can be pre- 
sented as a product of the so called basic twisting factors jA^. One of the 
twisting factors is the Jordanian twist 10 defined on the Borel subalgebra 
6^ = {H,E I [H,E] = E}, it has the twisting element 

Tj ~ exp{H ® cr}, 

where a — ln(l + E). This twist generates the solution of the Yang-Baxter 
equation: TZ = {J-j)2i^j^ ■ The classical r-matrix associated with it is r = 
H AE. 

The quantization problem for parabolic subgroups of a simple Lie group is 
reduced to the problem of constructing the explicit solutions T (of equations 
whose carriers 5c(:f) are parabolic subalgebras in g. 

In the general case the solutions of the twist equation do not form an alge- 
bra with respect to (Hopf algebra) multiplication: the product of twists is not 
a twist. However under certain conditions the compositions of twists constitute 
the solutions of the twist equations. For infinite series of simple Lie algebras the 
twists (called "chains") were found ^j. They were constructed as products 
of factors each being itself a twisting element for the previously twisted alge- 
bra. Certain groups of factors (" links" of the chain) are twisting elements for 
the initial Hopf algebra U{g). The structure of these chains is determined by 
the fundamental symmetry properties of the corresponding root system and is 
common for all simple Lie algebras (13) . The possibility to compose a chain of 
twists is based on the existence of sequences of regular injections 

gm C gm-i . . . C 32 C gi = 5 (4) 
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where the subalgebras gk belong to the same series of simple algebras and m 
is the length of the chain. The sequence (0J is formed according to the 
following rule. Among the long roots of the root system A{gk) the initial root 
A?, is chosen. Let the subspace in the root space of gk be orthogonal to 

the initial root A° then the root subsystem A{gk+i) = A{gk)C\V-^ defines the 

subalgebra gk+i- The sets tt^ are called the constituent roots for A": 



nk = {A', A" I A' + A" = Xl; A' + A°, A" + XU A (gk)} 
7rk = K^<; < = {A'},< = {A"}. 



(5) 



^lik = n {^^' ® ^A«-A'e } • eMHxi ® a^o} (6) 



It was proved TF, that for each sequence (QJ corresponds the chain of twists 
containing m links of the standard form. For series A„_i consider the Cartan- 
Weil basis and let Ex G g be the vector corresponding to the root A G A{g). 
For each initial root A^ define the element cr;^o = In ^1 + E^o^ and the Cartan 
element H\o so that adff „ o E\o — E\o and adff „ o E\i = ^Ey. Then the 
product of twisting factors 

-fe 

nk — 

forms the link and the product of links - the chain: 

•^c?i(i^„) = rife -^link ■ C^) 

^ch(i_.„) is a solution of equations ^ for the Hopf algebra U {g). 

Chains permit to construct twists with large carriers. For any universal 
enveloping algebra U (g) with simple g chains of extended Jordanian twists give 
the possibility to construct the deformations whose carrier subalgebras gch C g 
contain maximal nilpotent subalgebras, gch ^ |13j . Such chains are called 
full. Even in the case of full chains the Cartan subalgebra H (g) is not always 
contained in gch- The structure of chain is based on the solvability of its carrier 
| 13| and thus the only possibility for a chain carrier gch to be parabolic is to 
coincide with the Borel subalgebra B+((7). 

The compliment subalgebra in H (g) orthogonal to all the initial roots of the 
chain is denoted by H-^, 

Uig)^(iIig)f]gch)®H^. (8) 

It follows from the structure of the sequence Q and the chain {Tj) that the 
number m of links in the chain is equal to the dimension of the Cartan subalgebra 
in the carrier, 

dim (H (g) n gch) = m, (9) 

Obviously the number of links is not greater than the rank r of g. It was shown 
in ^1^1 that for g = Ai, Bn,Cn and Dn=2k these two characteristics coincide: 



3 



If dimff-'- is even one can always construct a nontrivial Abelian twist Ta 
with the carrier = ■ It can be easily seen that the product Ta^cK is 
again a twist and in this case its carrier qacK coincides with B+((7) . This gives 
the desired parabolic carrier but its Levy factor is still Abelian. The new carrier 
is an extension of gch by an Abelian subalgebra and thus the twists Ta^cK are 
trivial extensions of the ordinary full chains Teh ■ 

In this paper we shall study the special types of chains TS^ for algebras 
An-i- It will be demonstrated that for such chains there exist such nontrivial 
additional factors T"^ that the compositions T'^T'Ji are twists and their carriers 

ch 

g-p are nonminimal parabolic subalgebras of An-i- These parabolic carriers 
cannot be reduced to an Abelian extensions of g^. They contain B+(g) and 
their intersection with is nontrivial, g-p fl = 0. The corresponding 

parabolic twisting elements T-p — T'^ J-S-^ will be explicitly constructed and 
their properties will be illustrated by examples. In the case of A2 the proposed 
construction degenerates into the so called elementary parabolic twist presented 
in EOI. 



2 What parabolic subalgebras are we interested 
in? 

In the previous Section it was mentioned that for algebras -B„, C„ and Dn=2k 
there exist the twist deformations (full chains of extended twists) whose carrier 
subalgebras are minimal parabolic: gch = B+(5). In the case g = An-i the 
situation is different. Here only for si (2) the number of links coincides with the 
rank. In all other cases r is greater than m: 

^ for odd n ^^Q^ 



for even 



n 



Thus the full chains themselves cannot have the parabolic carriers for the alge- 
bras An-i with n > 2. 

Our aim is to construct for U (An-i) the nonminimal parabolic twists J--p 
whose carriers g-p contain nontrivial semisimple factors. We shall search such 
carriers in the form 



gv = s\> [gchXY. 5^' , (11) 




sl{2)^ = g->^ + H,^ + g-'K (12) 

Thus in the space H-^ there must exists a basis whose elements H;^ generate 
the Cartan subalgebras in s = ®^^isl (2)^. 

The parabolic subalgebra gp of a simple Lie algebra g with the root system 
A is defined by the subset of the set S = {ak} of basic roots. The roots 
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of g-p (in their standard decomposition) contain aj £ only with nonnegative 
coefficients. Let $ (vP) C A be the set of roots with such properties. Then the 
Cartan decomposition of g-p can be written as follows, 

gp=H(g)+ 9^- (l^) 

Ae*(*) 

Let us define the sets 'i'-p so that the factor s in the semidirect sum 
is equivalent to the direct sum (B^^isl (2)^. Let the basic roots of A„_i be 
canonically expressed in the orthonormal basis {ej} of R" 

Ok := efe - efc+i. (14) 

We shall use the function 

Xil)^l{n+in-2l)i-iy+') (15) 

and fix the set as follows 

r I . = 12 . . , = p} for odd n, 

I l"x(s)'"f I ■5 = 1>2,...,%^ =p| forevenn. 

The Cartan decomposition for the parabolic subalgebra g-p is thus defined 

9P = li+ g'+ g-\ (17) 

AeA+ -yer-p 

where 

= {"j \ j (s) = n - X (s) , s ^ 1, . . . ,p} . (18) 

Wc know how to construct full chains J-'ch with the carriers gch (see Section 
1). Consider the space gp \ gch = gj ■ This is the space of an even dimensional 
algebra that can be presented as a direct sum of Borel subalgebras, 

5,7 = ®sbs, (19) 

with 

6, = K^,.g-"4 . (20) 

^ J s— n — xC^Jj l,...,p 

In Section 5 we shall demonstrate that for the subalgebra Uch (gv) twisted 
by the full chain J^ch we can construct the product of p quasi-Jordanian twists 
whose integral carrier contains the subalgebra 177. Thus the new twist 

:Fv = T^J^ch (21) 

will have the parabolic carrier 

9V = (0 si (2) J O [gcH XYaA- (22) 
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3 Full chain and dual coordinates. 



We start by constructing the special type of full chain of extended Jorda- 
nian twists that differs from ©, |(7J by the choice of the Cartan elements and 
correspondingly by the normalization of the extension factors. In jl6| and |17| 
it was proved that such a solution of the twist equations ^ exists: 

m 

1=1 

m I _ (i-(-i)') _ \ 

= J]^ e^'^i='+i'^''"'®-^'=""-'+''' ' '''""''^'e^'®''''"-'+M (23) 

Remember that m is the number of links in the full chain fsee (|10|l ) and ai,n-i+\ = 
In (1 + Ei n-i+i)- The set of Cartan elements is chosen as follows; 

Hi = +il — En^n', 

H2 = — + £^1,1 + £^2,2 + En^n', 

Hi = (24) 

—£1,1 — ... — — En-i+i,n-i+i — ... — i?n,„; I = 2k — 1; 

Hi = -^^1+ 

[ n 

+ £1,1 + . . . + Ei^i + En-l+2,n-l+2 + . . . + En,n', I — 2k] 



These elements form the Cartan subalgebra H-^ and the Cartan decomposition 
of the carrier of the chain (|23(l looks like 

5r. = ^r.> ( E A ■ 

\AeA+ / 

The full chain bears the set of m free parameters IT2) but here for simplicity we 
shall omit them. 

Applying the twist to the Hopf algebra U (yl„_i) we obtain the defor- 
mation 

:C/(A.-i) ^{/rJA.-i). (25) 

According to the arguments developed in the previous Section we are to find 
the solutions of the twist equations for A^. The carrier of such solutions is 
to contain the direct sum of 2-dimensional Borel subalgebras: gj = (Babs- 

Usually the Hopf structure of the deformed algebras such as [/^ (A„^i) is 
explicitly described in terms of matrix coordinate functions Eij and the nor- 
malized Cartan generators 

Hij ■■= 2 {Eii - Ejj) . (26) 
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Despite the property of selfduality of twisted algebras Uj^ (A„_i) the coordinates 
Eij are not convenient for the description of the costructurc. For example, the 
Jordanian deformation U j {Ai) is always written in terms of ai2 but not i?i2- 
For the deformed Hopf algebra Ujr{An-i) the most appropriate is the basis 
consisting of the dual group coordinates. The dual group basis for twisted 
universal enveloping algebras was studied in ^Sli there the explicit procedure 
was proposed to find the relations between the algebraic coordinates (of the type 
Eij) and the dual coordinates Eij. As we shall see below the Borel subalgebras 
hs in. gp C U-^ {An-i) with the necessary Hopf structure could be defined only 
in the deformed (dual group) basis. 

As far as the general form of the link factor ^j^j^ of the proposed twists H21|l 
is known (up to the Abelian "rotation" that will be fixed later) we shall focus 
our attention on the dual coordinates for the subalgebra U-^ (ffj)- 

Let us remind |^ that the full chain does not change the costructure on 
the subspace (see (jH)))- This means that on this space the dual group 
coordinates coincide with the algebraic ones. We denote them by and 
choose the following set as a basis in H^: 



h} - (-l)M -— I + ^ {Eu,u + S„-«+i,„-«+i) ; (27) 




For the generators of the subspaces g~"^ , j {s) — n — x{s) ,s — 1, . . . ,p, 
we apply the algorithms developed in ^2] and obtain the following expressions 
for the dual coordinates Es- Notice that the forms of coordinates are different 
for odd and even indices, in what follows we shall call them "odd" and "even ex- 
ternal coordinates" (to distinguish them from the " internal" coordinates defined 
on B+); 

— \ 77 , I tj . . tj . .\ IF — ouy^^") 



1,. 



p — I for odd n 
p for even n 



When n is odd the form of the "last" external coordinate Ep degenerates: 



Ep — 



As far as 



Ej(p)+ij[p)\ for odd n and odd p 



for odd s j (s) = s, 
for even s x (s) — s, (29) 
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these expressions can be rewritten in a more compact way: 



^ _ f +£;„-..„-.+ie'^=+i."-=-'^»."-=+i; s = 2fc - 1; 

I n — 1 fnr nHH r? 

s = 1,..., 



En 



p — 1 for odd n 
p for even n 



Ep+i^p', for odd n and odd p 
En-p+i.n-p — E[pEpn-p', for odd n and even p 



4 Properties of external coordinates 

Conjecture 1 Lei £ (-^*) ^'^^ space spanned by the set of external coordi- 
nates. Then © C (^Eg^ is the space of the direct sum gj = (Bsbs ■ Each 2- 
dimensional Borel subalgebra bg is generated by the corresponding pair | h]- , Es^. 

Proof. This can be checked by direct computations. All the external coor- 
dinates commute, 



Es,Et 



0; s,t^l,...,p. (31) 



Notice that the subsets of odd external coordinates and of even coordinates are 
trivially commutative. This obviously follows from the form of their expressions 
in terms of the elements Eij (see pUfl ): the ranges of indices i,j in different 
Eg in these two subsets do not intersect. Thus only the vanishing of odd-even 
commutators is to be checked. It also can be verified that the Cartan elements 
act on the external coordinates as follows 

H},Et] ^ds^tEt. (32) 



There exists an important relation connecting the Cartan generators Hs in 
the Jordanian factors 6^'®*^' "-'+! of the chain T-r and the basic elements H^: 

ch s 

—2H^ = < ^-^■^'''+1 + ^ Els, ^ — 2k — \, ^2^^ 

[ "^Eln-s.n-s+l + — Els S ~ 2k. 

Now consider the costructure induced by the twist deformation J-'^ (see 
(123)) on the subalgebra generated by 

^^H},Et,cri^n-i+i I s,i = 1, . . . / = 1, . . . ,m| . 
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Conjecture 2 The only nontrivial cocommutator in U-^ (A„_i) with values in 
C i^E^ is a map (5"^'^')'^®^-??^^ — > (^'') ' "^^^ corresponding coproducts 



are 
AsT, {Es 

i Es(»l + l(»Es- 2H^ ® i;,+i,„_,+ie~__''=."-=+i; s = 2fc - 1; 

Proof. From (|23|l it can be observed that for any odd indicae s the ele- 
ment £'s-|_i.„_s_|_ie^'^°'""^'+^ is dual to Es^s+i- The functional corresponding to 
-Es+i_„_s+ie~'^='""'^+^ acts inversely with respect to -E^.s+i and thus can shift the 

elements from to C (^Es^ . Correspondingly for even s the dual for Es^n~s 
is En-s,n-s+i with the similar shifting properties. Notice that the appearance 
of the factor e~'^=."-=+i in the odd case is in complete correspondence with the 
form of odd and even links in the chain T—i, . 
Let us check the relation (|34|l . 

Analyzing the explicit form of the external coordinates Eg one can see that 
each of them is defined on the subalgebra 



(sU2),,.+i©sU2)™_,+i) H J, (35) 

with Js being an ideal corresponding to the roots: es — e„_s, &s — &n-s+i, 
Cs+i — e„_s and eg — e„_s+i. Under the action of first s — 1 links of J--^ the 
coproducts in Mg remain unchanged (primitive on the generators) due to the 
"matreshka" effect ^1. On the other hand the links J^l — with / > s + 1 are 

"""" link 

defined on the subalgebras 

sl'^in^As) (36) 

with the roots ei — ej; i, j — s + 2, . . . ,n — s — 1. In sl(n) these subalgebras, Mg 
and sl"^ {n — 4s), form a direct sum: 

sl{n)D Mg®sl"'{n-4s). (37) 

It follows that the links J-iys+i also cannot deform the costructure of the coor- 
dinate Eg. Thus only two links are to be considered for each Eg, the s-th and 
the (s + l)-th: 



Tg = cxp Eg^k, ® Ek,,n-s+ie +1 I cxp {Hg cr,,„_,+i) (38) 

\fc,=s-|-l / 



n—s — 1 



Fgj^i = cxp > Eg+i^k,+i ® Ek^^^^n-s exp ( Hg+i (g) ag+i^n-s ] (39) 



^fcs + i=s-|-2 
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Let us apply the corresponding adjoint operators to the initial primitive 
coproducts A^"^ {Es+i,s) and obtain for them the twisted expressions: 

As,s+1 {Es+l,s) = J^s+l oJ^sO {Es+l,s «) 1 + 1 «1 Es+i^s) = 

O gadi:;!-4^j_E,,fc^®_Bfc^,„_, + ie-''=>,-- = + igad(i?,®CT,,„_,+i) 
O {Es+l,s «) 1 + l(E)Es+l,s) = 
= Es+Us 1 + l(SEs + l,s + 

+ 1 (g) £:„_,,„_,+ie'^=+i''-=-'^=''-=+i 

- i57rie'"=+^'"^= £;,+i,„_,+ie-'^=."-»+i; 

(40) 

The result of the twist deformation by Ts+i ° for the exponential factor 
gcrs+i,„-s-o-s,„--s+i the second summand of Eg is well known JI] - this factor 
is group-like: 

Thus only the coproduct As,s+i {En-s,n-s+\) remains to be constructed: 

As,s+1 (£'n-s,n-s+l) = -^s+l ° J's ° {En-s,n-s+l ® 1 + 1 ® En-s.n-s+l) ~ 

+ C^ie'"='"-'+' <^ £;,+i,„_,+ie-'^=+i'— - 

^ (42) 

As we have expected the cumbersome parts of these coproducts cancel in the 
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integral expression Aj^^+i (^E^,^ and we obtain for s = 2fc — 1 



- = A,„,+i {Es+i,s + S„-s,„-s+ie"=+^'"-=-"-"-=+^) = 

+ (2H,^s+i + hT^i -Hs)® £;.+i,„-.+ie-"-"-=+i . (43) 

For even coordinates Es=2k = £^n-s+i,n-s + [Hs+i - i?s,»i-s + Es,s+i 
the nontrivial part of the deformation is performed by the Unks 



+ l(»(Ta + l, 



s = 2A:. 



Here is the resuh of the chain deformation for even s ( E 



Taking into account the relations (|33|l we can rewrite the obtained coproducts: 



A 



® 1 + 1 ® - n-s ® 2h]-, s = 2k. 

(45) 



5 Rotations for the chains of twists. 

Now let us demonstrate that the twisted coproducts A^ (^^) '^^^ reduced 
further with the help of additional Abelian twists [5] . 

We have found out that the only nontrivial terms in A^ ("^*) ^^'^ "^^^ 

to the coadjoint action of (£'s+i_„_s+ie~'^= ""=+i) and {En-s,n-s+i) ■ The 
corresponding coadjoint maps (dual to the adjoint action of ad^Es^s+i) and 

ad{Es^n-s)) depend on the dualization (^Hs^ ^ ag^n-s+i- In the chain 

this dualization depends on the form of the Jordanian factors e^'®'^''"-'+i. 
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When the carrier of the chain does not cover the Cartan subalgebra the re- 
^ (Ts^n-s+i can be transformed by applying the Abelian twists 



lation I Hg 



of the type e'^'^^ ^o-s.n-s+i^ Such a transformation takes place for example 
when a canonical chain is changed into a peripheric one |16| . Varying the 
parameters 7^ one can alter the operators coad (_Es4_i_„_s+ie~'^='""=+i)'^ and 
coad (£'„_s.„_s+i)'^ and under some additional conditions trivialize their ac- 
tion on the space (i/-'-)"^. Thus studying the dual algebra action we see that 
there can exist a possibility to annulate the nontrivial terms in Aj^^ (^'*) ^^^^ 
the help of Abelian twists. 

When the Abelian twists are of the pure form 6'''=^^®'^='"-=+! they can be 
incorporated into the initial Jordanian factors of the chain and their application 
reduces to the transition from one type of the chain to the other (16) . In the 
present case this will be impossible because the necessary Abelian twists have 
more general configuration. 

Let us introduce the set 



Cs 



with the commutation properties 



(46) 



(-1)^ ln(C,),£;, 



Es+i.n-s+ie '^=."--+1; for odd s 
Es.n-s', for even s 



[ln(a),^.+i.„-.+ie-"-"-=+^] = 
[ln(Ct),^,,„_,] = 
[Cs,Ct] = 

and consider the rotation twists: 

= e-^f^MC). for odds, 
^ gin(c.)®i/i. foremen s. 

Due to the relations H49|) and the obvious property 







(47) 
(48) 
(49) 

(50) 
(51) 

(52) 



the factors commute with each other. According to the relation H47() we also 
have 



s ' ch 



= 0. 



(53) 



It follows that the factors JF^ can be applied to the Hopf algebra [/^ (A„_i) 
and the rotation twist can be composed as a product: 



(54) 



odd s 
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Each factor Tf- in acts nontrivially only on the coproduct of the correspond- 
ing external coordinate (-^s) • 

Taking into account the relations H32I) H48|l and H52I) we can construct the 
deformation of the coproducts ( Eg \ induced by the rotation J^^: 



E, \^r^o A 



ch 



iE,) 



Es®Cj^ + \®E„ s = 2fc-l, 
Es®l + Cs®Es, s = 2k. 



For the coproducts Ag^ ( J the result of twisting by is trivial: 



Thus the rotated chain 

ch ch 

performs the Hopf algebra deformation 



(55) 



ch 



(56) 
(57) 
(58) 



6 The quasi-Jordanian factors and the parabohc 
twists 

The twisted algebra C/^ (A„_i) contains the subalgebra generated by the prim- 
itive -ff^, group- like Cs and quasiprimitive external coordinates Es- At this 
point it is convenient to redefine the external coordinates. Let us introduce 



E„ s = 2k, 



(59) 



and consider in [/i? (A„_i) the subalgebras 53s generated by the triples ^H^, 
Ds,Cs} and presented by the relations 



SstDt 



s,t=l, 



Hg ,Ct — 0; 
= A(") [H^'j = h} ®1 + 1®h}; 

A|(Cs) = C,®C,. 



^1 {h} 



(60) 

(61) 
(62) 
(63) 



Notice that for s 7^ t the generators Cs and Dt commute (as a consequence of 
l|?7|) ). It follows that 



[Ds + Cs,Dt + Ct] = Q; 



for any s, t. 



(64) 
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The factor Cg in H(j2|l does not allow the canonical Jordanian twist to be a 
solution to the twist equations for A^. . To overcome this difficulty the following 
lemma will be proved. 

Lemma 3 Let ^ be a Hopf algebra generated by the elements H, C, D with the 
properties: 

A {H) = A^") {H) (65) 
A (C + D) = D ® 1 + C ® (C + i?) . (66) 
[H,D]=D, [i7,C] = 0, (67) 

Then 

j: ^ gff®ln(C+D) 

is a solution to the twist equations for 23 . 
Proof. Consider 

Ajr (C + D) = To{A{C + D)) ^ 
To{D®l + C®{C + D)) = D®{C + D) + C®{C + D) = 

= {C + D)®{C + D); 

This means that for 

w = In {C + D) 

we have 

A^ {lo) = A(o) (w) (68) 

and taking into account the primitivity of A^''' {H) the factorizable twist equa- 
tions 

(id®A^).F = 

(A®id)^ - (^)l3(-^)23- 

are valid for JT. ■ 

Remark 4 In what follows we shall consider the group-like C . But in the gen- 
eral case the class of algebras that meet the conditions of the Lemma has no 
restrictions on A (C) and the composition [C, D] . 

Remark 5 For a particular case C = 1 the subalgebra !B is reduced to 6^ and 
the element T becomes the ordinary Jordanian twist. 
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For any s = 1, . . . ,p the triple I?s, C^j comply with the conditions 

Ht)5l67ll . Thus for any s we have a subalgebra *Bs generated by U^, Cs| 

and can construct the twisting element 

that can be applied to UJi^ (A„_i) 

^/:[/i|(A„_0^f/i(^«-i). (70) 

In the twisted subalgebra J^/ o <Bs = the element becomes primitive 

A^" (uis) = wg ® 1 + 1 ® (71) 

The Hopf algebra (^n-i) can be considered as the deformation of U (A„_i) 
by the factorizable twist 

^/^l ^ ^/•^''•^S;, (72) 

with the carrier 

g5: = (sU2)), (73) 

The question arises whether the factors Tj^ can be applied to U^j (A„„i) 
with s ^ t and finally whether the same can be done with the product of all the 
factors ^/ to obtain finally the twist with the parabolic carrier g-p. 

Consider the action of ^/ on the subalgebra 5Bt with s ^ t. The invariance 
of the coproducts and with respect to the twist ^/ is needed. The 
coproducts of Hj^ \t^s are invariant due to the relations (|60|l . From (|60ll and 
(Ell) it follows that (C* + Dt) \ t=is are also invariant: 



= e"d^-^®'"(^=+^-') o{Dt^l + Ct®iCt+Dt)) = 
= Dt(E,l + Ct^{Ct+Dt). (74) 

Thus the Hopf subalgebra 03 j is invariant with respect to the twisting by 
. The latter means that the product of all the factors J-"/ 

^'^fl^I = f[ e^="®i"(^=+^') = n e^="®"= (75) 

s— 1 s— 1 s — 1 

can be applied to (yl„_i) 

^^:(7|(A„_i)-^(7p(A„_i). (76) 
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The deformed algebra U-p {An-i) can be also presented as twisted by the product 
of the rotated chain and the quasi- Jordanian factors 



ch 



J-p:?7(A„_i)^i7p(A„_i), 
The carrier of the twist J^-p, 

/ p \ / p 



5P= (^0sU2)i) > [9eh\Y.9' 
is the parabolic subalgebra. 



vs=l 



s=l 



(77) 
(78) 

(79) 



7 Examples. 

7.1 si (A) 

Here the chain contains two links 



with 



ch 



Hi = ~ -£'4,4; 



^2 



--I + Ell + E2,2 + E44. 

4 ' ' ' 



The main parameters of this chain deformation are 



(80) 
(81) 



m = 2; r = 3; 
p = dimiJ-L = l; 



(82) 
(83) 



The generators included in the chain carrier subalgebra and the possible choice 
of external coordinates Ek+Lk, 



E 



1,1 



E 



1,2 



E 



1,3 



E2,l E2.; 



-■2..'! 



El,. 



E: 



3,3 



2,4 

'3,4 
4,4 



E' 



'2,2 



£^1,3 


El,4 


E2,3 


-E'2,4 


E3,3 


■£■3,4 


^4,3 


E4,4 



(84) 



show us that there are two minimal parabolic subalgebras of the type g-p ap- 
propriate for our twist algorithm. They are defined by the sets 



= {a2,a3,}- 
^Vs = {ai,a2,}. 



OLk '■= fife — e/c+i, 



(85) 
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= I /c = 1, J (1) = 4 - X (1) = 1} = {ai} , 

Tps = {ai(fc) I = 3,i (3) = 4 - X (3) = 3} = {as} , 

= A+U{-ai}, 
$(*P3)=A+U{-a3}. 



(86) 
(87) 



and can be presented in the following form: 

gv,=H+J2 9^+ 9~"' =B++ g-'^' , (88) 
AeA+ 

gr,=H+ g^ + a""' =B+ + g-'^^ . (89) 
AeA+ 

First let us study the case g-p^. In the one- dimensional space take the 

generator 

//f = il-(£;i,i + E4,4). (90) 
and consider the external coordinate: 

The pecuUarity of the Cartan subalgebras in si (4A;) , € N+ , is that the 
following relation holds 

2-ffn-3,n-2 + — = 0. (91) 

Thus in the twisted coproduct ("^i) term connecting the space and 

E\ is zero and both the Cartan generator Hy and the external coordinate have 
primitive coproducts: 

Dr = El, (92) 
A^(i^i) = Di(S)l + l(g)Di; (93) 
Ag^{H^) = H^^l + l^H^. (94) 

It is easy to check that they obey the 6^-relations 

[H^,Di]=Di. (95) 

These are the standard conditions guaranteeing that the ordinary Jordanian 
twist 

jrJ — gHi^0ln(l+Di) _ gHi^0ln(l+£;i) _ ^H^^uii ^gg^ 

is a solution of the twist equations for A^. As a consequence the product 
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is a solution of the twist equations for the undcformed U {si (4)) , 

Tv,:U{sl{A)) ^UvAsim, (98) 

with the parabohc carrier g-p-^ . 

The alternative possibility is to choose g-p^ as the carrier subalgebra. In this 
case taking into account (|91|l the external coordinate can be presented as 



E3 — £4^3 — yHi — H2j -El, 3 + -E'1,2 — 

= -£'4,3 — 2-ff3,4-Ei,3 + -El, 2- (99) 

The direct computation shows that the twisted coproduct Aj^ (^3) again has 
no terms like /\ E . This time it is quasiprimitive: 

= %e''^'*~''^-'\ C-i^ e"^'^-"^'^ (100) 
A^(i?3) = -D3«'l + C3®-D3; (101) 
A^(iJiL) = Hi ®\ + \®Hi. (102) 

The pair {H^ ^ -D3} forms a Borel subalgebra: 

[iJi^,Z?3] =--03; (103) 
and according to Lemma 4 the factor 

is a solution to the twist equations for A^. The same is true for the product 

Tv, = tIt^^ (105) 

with respect to the undeformed A and thus T-p^ represents the parabolic twist 
with the carrier g-p^ . 

Notice that these twists do not commute and we cannot apply both defor- 
mations simultaneously, no combinations of lo\ and 0^3 are allowed. 

7.2 s/(ll) 

For this case we have 

m = 5; r = 10; (106) 
p = dimi7^ = 5; (107) 

^P = |a^(,) |x(s) = ^(ll + (ll-2s)(-l)^+i),s = l,...,5| = 

= {"2, ^4, ae, as, aio} , "/c := e/c - efe+i, (108) 
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$(vl/)=A+|J{-aj}, ajGTr, (109) 

where 

= {aj I j (s) = 11 -x(s)} = {ai,a3,a5,Q!7,Q!9}. (110) 
Consider the parabolic subalgebra 

gT, = H+ J2 9^+ J2 (111) 
AeA+ 7er-p 

with the set of 2-dimensional Borel subalgebras 

b, = {H},g-^^A (112) 

J s=l,...,5 



where 



1 2 

4 ^ 

-^2^ = + (-£'«,« + Ei2-u,i2-u) ; 



3 



8 ^ 

-^4^ = ~YY-*- + (-^".M + -^i2-«,i2-m) ; 

u=l 
5 



10 ^ 

-^5^ = YY"*" ~ X] (^«.« + -£'12-u,12-u) • (113) 

The dual coordinates Eg for the generators of the root subspaces g^""^*') are 
as follows: 

E2 = -Eio,9 + {H:', ^ E[2^ £^2,9 + -^2,3; 

^3 = ^4,3 + ^8,96"^^*^""^'^; 

Ei = -Eg,? + ^-f^5 — Hij Ei^j + £4,5; 

E5 = ^6,5; (114) 
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After the application of the full chain twist 

5 



ch 



link 



1=1 



e 

.gEfe2 = 3 -®2,fe2®-®'=2.10gi?2l8lO-2,10 . 



with 



^3 

Ha 
H5 



-£'11, 11; 

-£-1,1 + i?2,2 + -E-11,11; 

11-^ Ei.i — i?2,2 — -Eg, 9 — -ElO.lO — -£-11,11; 

Yjl + -^1,1 + . . . + i?4,4 + -E'9,9 + -£'10,10 + -£'11,11! 
9 



(115) 



+Yxl — -£^1,1 — ... — -£4,4 — -E'?,? — -£'8,8 — ... — -Ell, 11; 

to ?7(s/(ll)) we obtain the following coproduct maps for the external coordi- 
nates 

Ei^l + l^Ei + (-2i?f ) 8) £^2,iie-''^'" ; 
^2 (8> 1 + 1 fS) -B2 + -^2,9 O (-2-^2"^) ; 
-B3 (g) 1 + 1 (g) ^3 + (-2iJ3^) O i;4,9e-''=''^ 

1 + 1 (g) i?4 + ^4,7 C 



E3 



A- 



ch 



= Ei 

while the Cartan generators remain primitive: 



ch 



= Hi 



Let us introduce the set 



1 + 1 (g) Hi 



(116) 

(117) 

(118) 



Taking into account the commutation properties of a 's with the external coor- 
dinates Es'. 





^1 


E2 


-B3 


-E4 






--E2,iie-'"i'" 














f2,10 


+-B2,iie-'"i'" 


+-^2,9 











<^3,9 





—E2,9 


-£;4,9e-'"^'^ 








C4,8 








+Ei^9e-''^'^ 


+E4,7 
















— -£'4,7 


--£^6,76 
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we obtain the main set of commutation relations: 



= 26 



s,t 



£'s+i,„_s+ie for odd s 

Eg^n-s', for even s 



[In (a), 6-'^—+^] = 0; 

[ln{Ct).Es^n-s] = 0; 

[Cs,Ct] = 0. 

Compose the rotation twist: 

-pR ^ ( -Ht ® In (Ci ) + In (C2 ) ® h} - h} ® In {C^) 
\ + In {Ci) ® Hi - Ht ® In (C5) 

and apply it to the algebra U-g^ {si (11)) 

T^:U^^{.slin))^Uf^{sl{n)) 



the coproducts of the external coordinates become quasiprimitive: 



Es®C-^ + l(»Es, s = 2fc-l, 
Es'S'l + Cs'^Es, s = 2k. 



(119) 



(120) 



(121) 



while the coproducts AS^ ("^^ ) remain primitive. In terms of redefined external 
coordinates 



' (£2,i+i^io,iie"^''''""''")e^''''". 

-E'10,9 + 

Ds = I (£;4,3 +i^8,9e'^'''«"'^3-»)e2^'=i'^'.— 
-£'8,7 + (^H^ — Hij Ei^'j + £'4,5, 

these coproducts are uninform: 



(122) 



(123) 



For any s = 1, . . . ,p the subalgcbras *Bs generated by l-ffj*", -Dg, Cgj comply 
the conditions of Lemma 4 and the twisting elements 



with 



ojs = In (Cs + £>s) 



(124) 
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are the solutions to the Drinfeld equations The product 



5 5 „ 5 



S— 1 S — 1 s — 1 

can be applied to [/^ (s/ (11)) 

: UJi (si (11)) ^ f/p (si (11)) . (126) 

The product 

- (127) 



■■ U {si (11)) — >Uv {si {11)) (128) 

has the parabohc carrier 

9v = (0 si (2) J > L,. xj^aA ■ (129) 



8 Conclusions 

We have demonstrated that for any algebra {n > 2) there exists a twist 

deformation J^-p : C/(yl„_i) — > U-p {An^i) whose carrier g-p is a parabolic 
subalgebra with non-Abelian Levi factor. These carriers are the non-Abelian 
extensions of g-j^ that contain B+((7) and have nontrivial intersection g-pPiN" = 
. 

The corresponding twisting elements J-p are the products of deformed Jor- 
danian twists T'' and the rotated full chains jFi? . According to the quantum 

ch 

duality the Hopf subalgebras U-p {g-p) are the quantized algebras Funp (G-p) of 
coordinate functions on the universal covering groups Gp (with Lie algebras gp). 
Notice that in this type of quantization the deformation of algebra Fun (G-p) 
is due to the fact that the coordinates are subject to the commutation rela- 
tions of gp . Thus we have constructed quantum groups for a class of parabolic 
subgroups of linear groups SL {n). 

It was mentioned in the Introduction that for series -B„,G„ and I?„=2fc the 
full chains have (minimal) parabolic carriers. In the case of even-odd orthogonal 
algebras D„=2k+i the chain carrier is not parabolic, dim (B+((7) \ gch) > 0. Due 
to the canonical isomorphism one of such algebras has been already treated in 
the section Examples where we considered g = si (4) w so (6). Thus it is clear 
that the problem of constructing parabolic twists for -D2fe+i can be solved using 
the same approach as in the above study. 

It can be shown that the parabolic twists J-p = J-'^J-^ are completely factor- 

izable. The factors in the decomposition Tp = YVl=i ^i^^ XSd=\ can be 

supplied with the independent deformation parameters {xj, ^/i^ | i = 1, . . . , m; 
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j = 1, . . .p} and any subset of the factors ^/ and can be switched off by 
tending the corresponding set of parameters to their Hmit values. The factors 
J-^ depend on the parameters of the chain JF^. It is essential to mention that 

when the whole chain is switched off the factors acquire the canonical Jor- 
danian form. The important consequence of this property is that the parabolic 
twists J^-p are products of the same set of basic twisting factors ^3] as used in 
different forms of chains. Thus parabolic twists can also be considered as chains 
of the special type. 

When the variables {Xi^i^j} are proportional to the overall deformation 
parameter r {xi = T^^^jipj = tC,^) the first order terms in the expansion of the 
7^-matrices TZ-p (r) = ^^21 (t) (r) give the parabolic classical r-matrices 
r^ch constructed in jl9) . Twisting by T-p performs the quantization of r^ch- 
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